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Abstract

e proposea new methodfor strain computationin mesh-fee simulations.Without storing connectivityinfor-

mation,we computestrain usinglocal reststatesthat are implicitly de ned by the currentsystencon guration.
Particlesin the simulationare subjectto restoringforcesarrangingthemin a locally de ned lattice. Theorien-
tation of thelattice is foundusinglocal shapematding techniques.Thestrain stateof ead particle canthenbe
computedby comparingthe actual positionsof the neighboringparticlesto their assignedattice positions.All

necessarynformationneededo computestrainsis containedin the currentstateof the simulation,no reststate
or connectivityinformationis stored. Sinceno timeintegration is usedto computethe strain state errors cannot
accumulateandthe methods well-suitedfor stiff materials.

In order to simulatephasetransitions,the strain computationcan be integratedinto an existing particle-based
uid simulationframevork. Implementingphasetransitionsbetweerliquid and solid stateshecomesimpleand
elegant,sinceno transferof materialbetweertifferentrepresentationss neededUsingthe currentneighborhood
relationshipsthe modelprovidespenalty-basedhter-objectand self-collisionhandlingat no additional compu-

tational cost.

1. Intr oduction

Physical simulationsare widely usedin computeranima-
tion. As more and more computingpower is available on
commodity hardware, simulationshave also startedto re-
placeor enhancescriptedanimationsn computergamesA

broadrangeof materials,from smole and uids to elastic
andrigid solidsis simulatedin orderto avoid tediousman-
ualanimation Naturally, eachclassof materialss simulated
using customdatastructuresthat have proven their utility

for the problemat hand.For instance Euleriangrids have
evolved as the preferredsimulationdomainfor uids and
smole, while Lagrangiammeshesreusuallyusedfor simu-
lation of deformableor rigid solids.

As more and more different simulated materials are
part of one animation, questions of interaction natu-
rally arise. Two-way interaction betweensolids and u-
ids has been thoroughly researched,for example in
[Ben92 MST 04, GSLF03. Another dif cult areais the
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treatmentof materials which do not clearly belong to
ary cateyory, suchas highly viscousor viscoelastic uids.
[GBO0O4 KAG 05, CBP0§ have extendedEulerianandLa-
grangianuid simulationsto includeelasticstresses.

The problemof phasetransitionsis even moreinvolved,
since adding massto one representatiorand removing it
from anothemosegroblemsfor the respectie simulations.
[LIGFO9)] treatthe caseof meltingor burning,wherea solid
dissohesandmassis insertedinto the uid simulation.The
differentdatastructuredor surface, uid simulationandde-
formableor rigid body simulationhave to be synchronised
in orderto allow masstransferbetweerthe coupledsimula-
tions.

In this paper we presenta virtual materialthatis highly
versatile.The possiblematerialpropertiesrangefrom those
of astiff elastic,brittle solid to thoseof a low-viscous uid.
Startingfrom a particle-baseduid simulation,we addelas-
tic forcesto the simulationby forcing neighboringparticles
to positionson a locally de ned lattice. Inspiredby crystal-
lograply, thelatticeis a hexagonalgrid in two dimensions,
anda cubicclosestpacledstructurein threedimensionslts
orientationis determinedusinglocal shapamatchingsimilar
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to [MHTGO3]. In no partof thesimulation,explicit informa-
tion on connectwity is neededThespatialneighborhoode-
lationshipsbetweenparticlesin the currentsimulationstate
implicitly de ne aconnectity thatis usedfor straincompu-
tation. As will be shawn, the absencef a simulationmesh
or reststategreatlysimpli es the simulationof meltingand
freezing processesSince our model can handle uids as
well assolids, materialdoesnot have to be transferrecbe-
tweenrepresentations’ he neighborhoodnformationcom-
putedduring the simulationcan be usedto provide a sim-
ple penalty-basedollision handlingschemeatno additional
computationatost.

The remainderof this paperis structuredasfollows: We
rst discussrelatedwork before presentingour simulation
modelin Section3. The materialssimulatedusingour tech-
nigue have inherentpropertiesthat are describedin Sec-
tion 4. Oneof the greatestadvantagef our methodis the
simple integration of phasetransitions,as detailedin Sec-
tion 5. Section6 treatssurface reconstructionpefore we
shav someresultsn Section?. Section8 discussestrengths
andlimitations of our approachandgivesanoutlookon fu-
tureresearcldirections.

2. RelatedWork

Recentork hasgreatlyextendedherangeof materialghat
canbe simulatedusing Eulerian uid simulationmethods.
[CMHTO02] useextremeviscosityin modelplastic,nonelas-
tic material.[CMTO04] constrainpartsof the uid to rigid
motions and can thus simulaterigid bodieswithin a uid
simulation.Coupling Eulerian uid simulationswith other
simulationtypesis challenging [LIGF05] simulatemelting
andburning by transferringmaterialbetweena Lagrangian
simulationgrid andthe simulationgrid of the uid simula-
tion. [GSLFO0J treatthe interactionof thin shellsor cloth
with aEulerian uid simulation.

Elasticor visco-elastionaterialsrequirethe computation
of strain.[GBOO04 achieve this for Eulerian uid simula-
tions by integratingstrainrates.The integrationerrorslimit
thestiffnessof the simulatedmaterials.

Particle-basednethodsare always Lagrangianmethods,
hencethe differencebetweensolid and uid simulationis
less pronounced[MKN 04] proposea point-basedelas-
ticity model. Using extreme plasticity the behaiour of
a viscous uid can be modeled.[KAG 05 start from a
smoothedparticle hydrodynamics(SPH) simulation and
measurestrainby storingandmodifying areststate,includ-
ing particleconnectvity. In [CBP0Y, dynamicallygenerated
springsare usedto model elasticityin an SPH simulation.
A similar methodwas rst introducedby Terzopolousetal.
[TPF89 who enhanced modelinspiredby moleculardy-
namicswith explicit connectvity in orderto modelelastic-

ity.
Themethodthatis conceptuallyclosesto our approachs

simulationof elasticmaterialsandviscous uids usingpar

ticlesandLennard-Jonepotentials[ Ton9g. Similar to our

method,no storedconnectiity betweerparticlesis needed.
Thereststateof eachparticleis implicitly givenasthenear

estminimum of the potentialfunctionde ned asthe super

positionof the particle potentials.In contrastour approach
usesshapematchingto determinethereststate.In practice,
thisis muchmorestablethanreliying on the potentialfunc-

tion alone.lt alsoallows for larger deformationsandlarger
integrationtimestepsMiiller etal. [MHTGO5] alsopresenta

deformationframevork basedon shapematching,however

relying on storednodeconnectvity.

3. Simulation Model

Ouraimis to simulatematerialsrangingfrom uid to solid.
Similarto[GBO04 KAG 05], wewill usea uid simulation
and enhancdt with the necessanadditionalforces.Since
our simulationis particle-basedwe usea variantof XSPH
[Mon89. For agoodintroductionto SPHmethodsyve refer
thereaderto [Mon05.

3.1. Implicit RestState

In orderto introduceelasticrestoringforcesinto a uid sim-
ulation, we needto computestrain. Assumingan initially
regular sampling,we can reconstructthe appropriaterest
statefrom the currentsimulationstate.The reststateis im-
plicit to the systemcon gurationat ary point of the simula-
tion. We extractthe local reststateinformationusingshape
matching.Using the rest state,we can easily computethe
straintensorwhichin turn canbeusedin ary standarcelas-
ticity model.

In a crystallattice, the reststateof the neighborsof ary
atomis determineddy the orientationof the lattice andthe
lattice type. We usea closestspherepackingfor our lattice.
In two dimensionsthis is a hexagonalgrid. In threedimen-
sions,we usethe cubicclosestpacledstructure sinceit has
a highersymmetrythanthe hexagonallyclosestpacled lat-
tice. An importantpropertyof closessphergackingss that
they area stablestateof particle-baseduid simulations.

A cubic closestpacled lattice aroundthe origin consists
of thepointsin theset

q
L= D IR+ m 3%+

_gq_
+nix+ Lo+ 22

@
with integersl;m;n 2 Z. The vectorsX, §, andZ arean or-
thonormalbasisof R3. D denotegheinter-particledistance
in thelattice. SeeFigure1 for anillustration.

N |

In our simulation,elasticforcesonly dependon the cur
rentneighborhoodf ary particle.Eachparticlein the sim-
ulationwill exert elasticforceson the particlesthat areits
neighborsThis setof neighborsis determinedoy the SPH
weightfunction, which is nonzeroonly within a certainra-
diusaroundeachpoint.
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Figure 1: Closestattice pointsto a particle. (a) 2D lattice.
(b) 3D lattice. Shownare the centerparticle (green)aswell
asthelattice positionsof its immediateneighbos (red).

3.2. Finding the RestState

Onesimulationstepcanbe summarizedsfollows: We rst

assignlattice pointsto particlesin the neighborhoodThen,
a linear tranformationA is computedsuchthat the trans-
formed grid bestmatchesthe particle locations.Applying
only therigid partof A to thegrid yields a reststatefor the
neighboringparticles.

We usethegrid transformatiorfrom Iasttimes’[ep,A\(t o) ,
to assigriatticepointsto particles For eachparticlepj in the
neighborhoodf pj, we assignthe lattice point |;j which is
closestorij= (p; pi) in theuntransformedattice.

1 2

Ai(t D rij (2

lij = argmin |
2L

Dueto thestructureof thegrid, thisminimizationcanbeeas-
ily solvedby enumeratinghenearespointsin L. Notethatit
is possiblethat several neighboringparticlesareassignedo
thesamdatticepoint.In suchacasewe only assigrthepar
ticle thatis closesto thelattice point. The forcesgenerated
by this neighborhoodvill notbeappliedto thefree particle.

After all pointsareassignedwe computethetransforma-
tion A suchthatthetransformedyrid bestmatchegheactual
particlepositionsin aleastsquaresense.

Ai = agmind wi(pj)kA rij 1ijk? (3)
A2R3 3 j
Here, w;j determineghe in uence of pj on the matching.
Theweightsshouldbeasmoothfunctionwith local support.
We usethe SPHkernelfunctionsasweightfunctions:wij =
k(kpi  pjk).

As pointedout in [MHTGO05], the solutionto this mini-
mizationis

! Loy
A= Awirigll & wilijl] 4)
i i

In orderto obtaintherigid partof thetransformationye
computea polardecompositiorof A; = R;S;. Therotational
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part R; representshe rigid motion of the lattice. The rest
stateg;j of aparticlep;j with respecto pj is then

gij = pi + Rilij: )

3.3. Computing Strain

Having computedrest statesfor all neighboringpatrticles,
we can compute an estimatefor the strain tensor at a

particle p;. The linear strain tensoris de ned as e =
2 ru"+(ru")T ,whereuisthedisplacementfthema-
terial. We will discretizethe partial derivatives of the dis-
placementisingone-sidediifferencesFor they component

of thegradientof ux atpj, aparticlep;j contributes

dux  _ (rij  gij) X, ©)
dy i gij ¥ '

the other deriatives are computedaccordingly Since sev-
eral particlesin uence the strainstateof p;, we weightthe
contritutionsof the particles:

Q o du
WG Otk .
dug _ GIMIGTY ey A ()

dy 0 Ajwg ¥

gij) X
ajwijgij ¥

(@)

Thus,the straincanbe computedrrom the knowvledgeof
reststateandcurrentparticlepositions Notethatin aregular
setting,(7) yields centraldifferencesUsing the sameidea,
nonlinearstrain can be approximatedThe strain canthen
be usedto apply ary standarcelasticitymodel.In the next
sectionwe describeasimpli ed modelthatdirectly useshe
implicit reststate.

3.4. Elastic Restoring Forces

For eachparticlep;, we computeelasticforcesfor all neigh-
borsp; thatpull pj closerto its reststatepositiong; .

Fij = w(lijpk(gij rij) (8)

Here kis astiffnessconstanandw(lij) asmoothlydecaying
weightfunction,representinghediminishingin uence of p;

on pointsthat are not direct neighbors.In orderto enforce
preseration of linearmomentumwe apply %Fij top; and

%Fij to pi.

Thisintroducesatorquet; = %éj(pj ¢) Fij (pi
¢) Fij, measuredroundthe centerof massg; of p; and
its neighborspj. As this torquewould violate the presera-
tion of angularmomentumywe redistrituteit ontothepj by
addingatorquecorrectionforceto p;.

t Wij

_ Pj G
éjWijkpj cik

kp; ck

Fij = ti ©)
Again, theweightingensureghatthein uence of a particle
smoothlydecaydo zero.
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Figure 2: Assigninglattice pointsand shapematding. (a)

Neighboringparticles (red) are assignedto lattice points
(blue) usingthe local grid transformationA} ! (b) Shape
matding: A; is computedsud that the grid points (black)

bestmatd the particle positions.

3.5. Damping

For systemswith high stiffnesses,dampingis essential.
While implicit integrationmethodsncludenumericaldamp-
ing by constructiongxplicit integrationrequiresan explicit

dampingmodelevenif an undampedsystemis to be sim-

ulated.Particle uid simulationsare dampedusingviscos-
ity, whichis notsufcient whenelasticforcesaresimulated.
While dampingshouldremove high-frequeng oscillations
from the systemjt shouldnot affect rigid body motion. We

thereforeapply dampingonly to thosecomponentof the
particlevelocitiesthatdo notcorrespondo locally rigid mo-

tions.

Considera particlep; andits neighboringparticlespj. We
rst computethe averagevelocity v; atthe centerof massc;
andthe angularvelocity w; aroundc;. Usingthe SPHinter
polationframework, we nd

vi = & w(ke;

J
Awke pik(vi v) (pj ) (11)
J

0
p,-k)r—j‘v,- (10)

Wi

Here,w( ) denoteghe SPHweightfunctionusedin the uid
simulation,andr ; is the densityatthe positonp;. Theden-
sity is computedduringthe uid simulation.

We cannow split the velocity of eachof the particlesp
into arigid anda nonrigid part.

VISV VSV EVitw (p) 6)  (12)

Wherev{j is the locally rigid partof v; andvi”j denoteghe

particle’s individual nonrigid movement,eachwith respect
to theaverageangularandlinearvelocitiesof the neighbor

hoodi.

Forary particlepj, we only wantto dampthelocally non-
rigid modementsq“j for all referencesystems thatpj is in-
uenced by. We thus usethe SPH averageof the nonrigid
velocitiesin eachof the neighborhoodsandobtaina damp-

ing force
d M. n.
Fi= h/s= héwi,-riv{‘,—, (13)
1

whereh is adampingconstantln asimulationwith timestep
Dt, h shouldnotaceed%,wherem isthemasof particlei.

If h is greatetthantheabove value,notonly arethenonrigid
velocitiescompletelydampedout, new nonrigid movement
is introducedn the subsequenntegrationstep.

4. Inherent Material Properties

Thevirtual materialasdescribedbove exhibitsawiderange
of materialpropertiesdependingon the parametesettings.
However, somepropertiesareinherentto the approactcho-
sen,andshallbediscussedhere.

4.1. Plasticity

Sinceno reststateinformationis stored thereststateof the
materialhasto beinferredfrom the currentstate.All infor-
mationon the reststateis thuscontainedn the positionsof
thecurrentneighborf aparticle.Sincetheparticledoesnot
storewhich particleswereits initial neighborsthe method
hasno way of knowing if the particlesin the neighborhood
have changedIn that case thereareno restoringforcesfor
the original particles.Instead they areintegratedinto their
new neighborhoodsSeeFigure 3 for anillustration.

@ (b)

Figure 3: Inherentplasticity: Sincewe do not store connec-
tivity, particle i has no way of distinguishingbetweenthe
situationsshownabove Its neighborhoods limited to the
blueregion. There will beno restoringforcesfor particles1,
2 and 3, thedeformationis plastic.

This also meansthat our virtual material cannot be
stretchedarbitrarily. Considera pair of neighboringparti-
cles pi and pj. A permanenplastic deformationoccursif
p; is displacedfar enoughsuchthat different lattice point
in is closesto its currentposition,or evenleavesthe neigh-
borhoodof p; altogetherSinceour materialhasno memory
anddoesnotknow the“true” reststateof pj, thesechanges
arenot counteractedby restoringforces.However, sincethe
particlesareassignedo lattice pointsusingthelocal defor
mationfrom the lasttimestep this situationcanonly occur
if pj changedts positionradicallywithin onetimestepor if
it leavesthe neighborhoof p; dueto large deformations.
Figure4 (b) shavs plasticdeformationin a 2D simulation.
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Figure 4: Particlesin 2D simulationsof different material
properties.(a) An elasticcubebounceoff the groud plane
(b) Reststateof a plasticcubeafterfalling. (c) Fracture. The
cubeis xed to the Wall and fracturesunderthe in uence
of gravity. Darker particleshavea dodkingratel 4 = O for
someof their lattice points. They form the boundaryof the
solid.

4.2. Fracture

For a uid, topologicalchangesaretemporary As soonas
differentpartsof the uid rejoin, they behae asone.The
situationis differentfor solids.Fracturepermanentiyoreaks
thematerial evenif thedifferentpartsof thesolid comeinto
contactthey will notreunify.

In our basicmodel,however, assoonasa particleenters
aneighborhoodf anothemarticle,it will beintegratedinto
the lattice. Thus,cracksonceformedwill closeagain when
theedgesomeinto contact.

To avoid this behaiour, eachparticle storeswhich of its
lattice pointsare allowed to be occupiedby otherparticles.
We usea probabilisticmodelto accountfor faultandweak-
nessesn the material.In orderto be ableto model prob-
abilistic propertiesindependenbf the simulationtimestep,
we storea doding rate | 4 for eachlattice point. If a par
ticle is available in one timestep,the probability that it is

assignedo the lattice point is given by a Poissonprocess:

Pi=1 e LaDX if alattice point is not assignedo a par
ticle during a timestep the dockingrateof this lattice point
is reducedby Dl 4. If it is assignedthe dockingrateis in-
creasedy DI 4. A stresscriterion can be appliedto addi-
tionally modify | 4 or Py. Figure4 (c) shows fracturingin a
2D simulation.

4.3. Multiple Objects

We caneasily extendthe algorithmto handlemultiple dis-
tinct objects. Each particle carriesan object ID, and the
shapematchingas well asthe force computationare con-
ned to particleswith the sameobjectID.

If we restrict forcesacting betweendifferent objectsto
repulsve forcesinsteadof disalloving themaltogetherthe

resultis a simple penalty-basedollision detectionscheme.

If pi andp; areparticlesfrom differentobjects,we applya
modi ed interactionforce K

( Pi

p;
Fioj: kpj pik
0

Fijkz; g:k (pj pi) Fij>0

. (14)
otherwise

¢ TheEurographic#ssociation2006.

Figure 5: Several colliding stiff elasticobjects.Inter-object
collisionsare handledas describedn Section4.3, no addi-
tional collision handlingis necessary

Of coursemoreelaboratecollision handlingschemegan
be implementedfor objectswithin our framework, but the
implicit collision handlingprovided comesat no additional
costandhasprovensufcient in mostsituations All scenes
shavn in this paperwere computedusing only the inher
ent collision handlingto resole inter-objectcollisionsand
solid- uid interaction.

5. PhaseTransitions

Oneof the greatesadvantagef our simulationmethodis
the simpleintegration of phasetransitions.Sinceboth u-
ids andelasticsolidscanbe handledwithin our framework,
phasdransitionccanbeimplementedvithoutswitchingrep-
resentationsSinceno reststatesarestored,no arti cial rest
stateinformation hasto be generatedn the caseof freez-
ing. Remeshingmesherosionand otherimplementational
hurdlesareavoidedentirely.

Note that we do not aim at a correctsimulation of the
physicalproces®f phasdransitionsOurgoalisto providea
simplemeando changehebehaiour of amaterialbetween
liquid to solid.

The only difference betweensolids and uids in our
frameawork is the fact that particlesin a solid are subject
to elasticrestoringforceswhile particlesin the uid phase
arenot. Thus, melting can be achieved simply by reducing
the elasticforcesaswell asthe associatediampinguntil in
the completely uid phasethe particleis notin uenced by
lattice-inducedorcesary more.

An arbitrary criterion can be usedto determinewhena
phasetransitionshouldoccur Useful criteria are basedon
positionin spacethesimulationtime, or physicalproperties
like temperatureHeat conductionand othertransportphe-
nomenacan be simulatedusing the alreadyavailable SPH
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frameavork [Mon05. We usea probabilisticapproachsimi-
lar to theonedescribedn Sectiord.2 In ourframework, the
meltingrateis computedrom temperaturelone:

I'm=max0;l (T Tm)); (15)

whereT isthetemperaturef aparticleandTm is themelting
point of thematerial.

Theinverseproces®f freezingworkssimilarly. However,
it is advisableto further restrictwhen the phasetransition
may occur If a uid particleis closeto a solid, it hasa
probabilityto freezeandthusintegrateinto thelattice of the
solid. This probability is dependenbn the relative velocity
of the particleto its solid neighbors(if ary), andthe dis-
tanceof the uid particleto the next availablelattice point,
aswell asotherervironmentalfactorsasdescribedor melt-
ing. This statisticalapproachmimicks the freezingprocess
without the overheadof a full-blown physical simulation
[KLO3, KHLO4].

To computethe freezingrate for a particle p; with neigh-
bors pj, we usea criterion basedon temperaturd’, number
of solid neighbors, their averagevelocity v, andthe accu-
mulatedlatticeforces.

Ly =max0l §(Tr T)(n o) (16)
min(1; k\xmagk) min(1; ké':jm—f;ixjk))

Tt is the freezingtemperatureof the uid, which we usu-
ally setto zero.ng denotesthe minimum numberof solid
neighborslf thisparameteis setto zero particlescanfreeze
spontaneouslyiventhatthe otherparameterallow it. Oth-
erwise, particlescanonly freezeto alreadysolid material.
Thelasttermdiminishesthefreezingrateof a particleif the
accumulatedattice forcesexceeda given maximum.This
is a simplemeasureof how goodthe currentpositionof the
particle ts into thelatticeof aneighboringsolid. Also, if the
averagevelocity of thesurroundingsolid particlesdifferstoo
muchfrom the particles'velocity, it is unlikely to freeze.

6. SurfaceRepresentation

If the simulatedmaterialis liquid or solid, a surfaceneeds
to be extractedfrom the simulationdata. An easyway to
do sois usingmarchingcubeg LK87] to extractanimplicit
surfacefrom a potential eld thatis the superpositiorof po-
tential elds attachedo eachof the particles.The blobbies
[Bli82] approacthor variantsthereof[ ZB05] yield goodsur
facegprovidedthatthe samplingdensityis high enough.

As the namesuggeststhe implicit functionsde ned as
above areblobby. Althoughthisis nota problemif thesam-
pling with particlesis denseenough sharpfeaturescreated
by fracturecannotbereproducedaithfully in low-resolution
simulations.In thesesituations,explicit surfacerepresenta-
tions,suchassampledsurfacegKAG 05], or semi-implicit
approachesuchasparticlelevel sets] EFFM0Z couldlead
to crispersurfacesretainingsharpfeaturesAs all necessary

informationis storedwith theparticlesit is notaproblemto
usethesesurfacereconstructiormethodstogetherwith our
simulationmodel.

For solid objectsthatareknown notto fractureor undego
plasticdeformationwe canusea simpleskinningtechnique
to deformthe surface.Similar to [WSGO09, eachparticlep;
storeghealocal positionof nearbysurfacepointsv; or mesh
verticesin its local coordinatesystem.During initialization
the local coordinatesof vj with respecto p; arecomputed
as

vi=v) p 17
When the object deforms,the currentgrid transformation
matrix A; of the particleis appliedto the storedlocal ver
tex positions.This yields deformediocal surfacepointsviJ .

v? = A;vi]- (18)

Thedeformedpositionof thesurfacepointis aweightedsum
of the differentlocal surfacepoints.In our implementation,
we usethe SPHweightfunction.

vi= &wpi v V+pi (19)
|

This methodyields a smoothsurfacefor deformingobjects.
Foldovers and self-intersectionghat plaqueskeleton-based
skinningapproachearenot a problemin this settingunless
the particlesamplingis extremelycoarse.

7. Results

The examplesin this paperwere computedon a P4 3GHz,
and renderedusing POV-Ray. Simulationtimes given ex-
cluderendering.

Figure5 shaws ninestiff-elasticdice.Eachdie is sampled
with 246 particles.The simulationtime is approximatelyl9
secondyer frame. The dice are renderedusing a textured
surfacemeshwhich is moved alongwith the particlesusing
the skinningmethoddescribedn Section6.

In Figure6, aviscous uid freezedo acooledrod. Fluid,
ice androd are modeledusing the presentednethod.The
surface of the cylinder is attachedto its particles using
skinning,the surfacesfor uid andice arecomputedusing
marchingcubes.The cylinder is sampledwith 1606 parti-
cles, uid andice useup to 6000 particles.Averagesimu-
lation time in this exampleis approximatelyl8 secondger
frame.

Figure7 shawvs anelasticbunry beingdroppedandmelt-
ing on the ground.The modelis sampledusing9871 parti-
cles. The surfacewas reconstructedising marchingcubes.
Averagesimulationtime is around17 secondper frame.
Heattransferis simulatedasa diffusionprocess.
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Figure 6: Alien goofreezingon a cooledrod. Therod aswell astheviscousuid are modeledusingour method Thefreezing
criterion from Equation16 is usedto trigger phasetransitionsof individual particles. Thetempeature of therodis xed, heat

transportis modeledhsa diffusionprocess.

8. Discussionand Futur e Work

We have presenteca methodfor computingelastic strain
without storingreststatesor connectvity. Thereststatethat
is neededo computea straintensorcanbeinferredfrom the
currentstateof the simulation. This methodoffers several
adwantagesSince only one representatioris usedfor u-
ids aswell assolids, no transferof materialbetweendiffer-
entrepresentations neededFreezingcanbeimplemented
without makingup areststatefor thenewly frozenmaterial.

Thus,abroadrangeof materialpropertiesrom stiff elas-
tic solidsto uids canbe modeled.All of thesematerials
exhibit thematerialpropertiegdescribedn Sectiond. In par
ticular, this meanshatmaterialssimulatedusingour model
deformplasticallyunderlarge or abruptdeformationsasde-
scribedin Section4.1, and fractureif stretchedoo much.
Thefractureprocessloesnot poseary problemfor thesim-
ulation model, however, the surfacereconstructiorinvolv-
ing fractureis challenging.Sinceno explicit fractureevents
are generatediy the model and no connecwity informa-
tion is available,establishedechniquesuchas[MBF04] or
[PKA 05 cannotbe easilyadaptedOnefuture reseactdi-
rectionwill beto generatesucheventsex post,andapplythat
knowledgeto a surfacereconstructiortechniquethatgrace-
fully handledracturein the underlyingmaterial.

Sincethe inherentmaterial propertiesdescribedn Sec-
tion 4 are presentin all materialssimulatedusingthe pro-
posedapproach,our methodis limitated in that it cannot
handlematerialsthat do not exhibit thesepropertiesmost
prominentlyextremelydeformableyet non-plastiomaterials
(e.g.cheving gum, certaintypesof rubber).

The assumedegular samplingdoesintroduce discreti-
sation artifacts when samplingboundaries.Since a high-
resolutionmeshis usedfor renderingthis is not noticeable
visually. However, for tactile feedbackor otherapplications
that needhigh-resolutioncollision detection this limitation
canposeproblemsA possiblesolutionis to developa mul-
tiresolutionversionof the presentedglgorithms.This would
alsogreatlyhelp for a morerealisticsimulationof low vis-
cosity uids.

Stiff materialsimposeincreasinglyserere limitations on
timestepsand simulatinglarge sceneswith quasi-rigidob-
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jectscanbecomeunfeasible Although we found that very
stiff materialssuchasseenin Figure5 canbe simulatedus-
ing explicit integration,we planto researchhe possibilities
of implicit integrationfor this method.This would greatly
alleviatetimesteprestictions.
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