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Abstract

We proposea new methodfor strain computationin mesh-freesimulations.Without storing connectivityinfor-
mation,wecomputestrain usinglocal reststatesthat are implicitly de�ned by thecurrentsystemcon�guration.
Particles in thesimulationare subjectto restoringforcesarrangingthemin a locally de�ned lattice. Theorien-
tation of thelattice is foundusinglocal shapematching techniques.Thestrain stateof each particle canthenbe
computedby comparingthe actual positionsof the neighboringparticlesto their assignedlattice positions.All
necessaryinformationneededto computestrains is containedin thecurrentstateof thesimulation,no reststate
or connectivityinformationis stored.Sinceno timeintegration is usedto computethestrain state, errors cannot
accumulate, andthemethodis well-suitedfor stiff materials.
In order to simulatephasetransitions,the strain computationcan be integratedinto an existing particle-based
�uid simulationframework. Implementingphasetransitionsbetweenliquid andsolid statesbecomessimpleand
elegant,sincenotransferof materialbetweendifferentrepresentationsis needed.Usingthecurrentneighborhood
relationships,themodelprovidespenalty-basedinter-objectandself-collisionhandlingat no additionalcompu-
tational cost.

1. Intr oduction

Physical simulationsare widely usedin computeranima-
tion. As more and more computingpower is available on
commodityhardware, simulationshave also startedto re-
placeor enhancescriptedanimationsin computergames.A
broadrangeof materials,from smoke and �uids to elastic
andrigid solidsis simulatedin orderto avoid tediousman-
ualanimation.Naturally, eachclassof materialsis simulated
using customdatastructuresthat have proven their utility
for the problemat hand.For instance,Euleriangrids have
evolved as the preferredsimulationdomainfor �uids and
smoke,while Lagrangianmeshesareusuallyusedfor simu-
lationof deformableor rigid solids.

As more and more different simulated materials are
part of one animation, questions of interaction natu-
rally arise. Two-way interaction betweensolids and �u-
ids has been thoroughly researched,for example in
[Ben92, MST� 04, GSLF05]. Another dif�cult area is the
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treatment of materials which do not clearly belong to
any category, suchashighly viscousor viscoelastic�uids.
[GBO04, KAG� 05, CBP05] haveextendedEulerianandLa-
grangian�uid simulationsto includeelasticstresses.

The problemof phasetransitionsis even moreinvolved,
since adding massto one representationand removing it
from anotherposesproblemsfor therespective simulations.
[LIGF05] treatthecaseof meltingor burning,whereasolid
dissolvesandmassis insertedinto the�uid simulation.The
differentdatastructuresfor surface,�uid simulationandde-
formableor rigid body simulationhave to be synchronised
in orderto allow masstransferbetweenthecoupledsimula-
tions.

In this paper, we presenta virtual materialthat is highly
versatile.Thepossiblematerialpropertiesrangefrom those
of a stiff elastic,brittle solid to thoseof a low-viscous�uid.
Startingfrom a particle-based�uid simulation,we addelas-
tic forcesto thesimulationby forcing neighboringparticles
to positionson a locally de�ned lattice.Inspiredby crystal-
lography, the lattice is a hexagonalgrid in two dimensions,
anda cubicclosestpackedstructurein threedimensions.Its
orientationis determinedusinglocalshapematchingsimilar
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to [MHTG05]. In nopartof thesimulation,explicit informa-
tion onconnectivity is needed.Thespatialneighborhoodre-
lationshipsbetweenparticlesin thecurrentsimulationstate
implicitly de�ne aconnectivity thatis usedfor straincompu-
tation.As will beshown, theabsenceof a simulationmesh
or reststategreatlysimpli�es thesimulationof meltingand
freezing processes.Since our model can handle�uids as
well assolids,materialdoesnot have to be transferredbe-
tweenrepresentations.Theneighborhoodinformationcom-
putedduring the simulationcanbe usedto provide a sim-
plepenalty-basedcollisionhandlingschemeatnoadditional
computationalcost.

The remainderof this paperis structuredasfollows: We
�rst discussrelatedwork beforepresentingour simulation
modelin Section3. Thematerialssimulatedusingour tech-
nique have inherentpropertiesthat are describedin Sec-
tion 4. Oneof the greatestadvantagesof our methodis the
simple integration of phasetransitions,as detailedin Sec-
tion 5. Section6 treatssurface reconstruction,before we
show someresultsin Section7. Section8 discussesstrengths
andlimitationsof our approachandgivesanoutlookon fu-
tureresearchdirections.

2. RelatedWork

Recentwork hasgreatlyextendedtherangeof materialsthat
canbe simulatedusingEulerian�uid simulationmethods.
[CMHT02] useextremeviscosityin modelplastic,nonelas-
tic material.[CMT04] constrainpartsof the �uid to rigid
motionsand can thus simulaterigid bodieswithin a �uid
simulation.CouplingEulerian�uid simulationswith other
simulationtypesis challenging.[LIGF05] simulatemelting
andburning by transferringmaterialbetweena Lagrangian
simulationgrid andthe simulationgrid of the �uid simula-
tion. [GSLF05] treat the interactionof thin shellsor cloth
with aEulerian�uid simulation.

Elasticor visco-elasticmaterialsrequirethecomputation
of strain. [GBO04] achieve this for Eulerian�uid simula-
tionsby integratingstrainrates.The integrationerrorslimit
thestiffnessof thesimulatedmaterials.

Particle-basedmethodsarealwaysLagrangianmethods,
hencethe differencebetweensolid and �uid simulationis
less pronounced.[MKN � 04] proposea point-basedelas-
ticity model. Using extreme plasticity, the behaviour of
a viscous �uid can be modeled.[KAG� 05] start from a
smoothedparticle hydrodynamics(SPH) simulation and
measurestrainby storingandmodifyinga reststate,includ-
ingparticleconnectivity. In [CBP05], dynamicallygenerated
springsareusedto modelelasticity in an SPHsimulation.
A similar methodwas�rst introducedby Terzopolouset al.
[TPF89] who enhanceda model inspiredby moleculardy-
namicswith explicit connectivity in orderto modelelastic-
ity.

Themethodthatis conceptuallyclosestto ourapproachis

simulationof elasticmaterialsandviscous�uids usingpar-
ticles andLennard-Jonespotentials[Ton98]. Similar to our
method,no storedconnectivity betweenparticlesis needed.
Thereststateof eachparticleis implicitly givenasthenear-
estminimumof thepotentialfunctionde�ned asthesuper-
positionof theparticlepotentials.In contrast,our approach
usesshapematchingto determinethereststate.In practice,
this is muchmorestablethanreliying on thepotentialfunc-
tion alone.It alsoallows for largerdeformationsandlarger
integrationtimesteps.Müller etal. [MHTG05] alsopresenta
deformationframework basedon shapematching,however
relyingonstorednodeconnectivity.

3. Simulation Model

Our aim is to simulatematerialsrangingfrom �uid to solid.
Similarto [GBO04, KAG� 05], wewill usea�uid simulation
and enhanceit with the necessaryadditionalforces.Since
our simulationis particle-based,we usea variantof XSPH
[Mon89]. For agoodintroductionto SPHmethods,werefer
thereaderto [Mon05].

3.1. Implicit RestState

In orderto introduceelasticrestoringforcesinto a �uid sim-
ulation, we needto computestrain.Assumingan initially
regular sampling,we can reconstructthe appropriaterest
statefrom thecurrentsimulationstate.Thereststateis im-
plicit to thesystemcon�gurationat any point of thesimula-
tion. We extract the local reststateinformationusingshape
matching.Using the rest state,we can easily computethe
straintensor, which in turncanbeusedin any standardelas-
ticity model.

In a crystal lattice, the reststateof the neighborsof any
atomis determinedby the orientationof the lattice andthe
latticetype.We usea closestspherepackingfor our lattice.
In two dimensions,this is a hexagonalgrid. In threedimen-
sions,we usethecubicclosestpackedstructure,sinceit has
a highersymmetrythanthehexagonallyclosestpacked lat-
tice.An importantpropertyof closestspherepackingsis that
they areastablestateof particle-based�uid simulations.

A cubic closestpacked lattice aroundthe origin consists
of thepointsin theset
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(1)
with integersl ;m;n 2 Z. The vectorsx̂, ŷ, andẑ arean or-
thonormalbasisof R3. D denotestheinter-particledistance
in thelattice.SeeFigure1 for anillustration.

In our simulation,elasticforcesonly dependon the cur-
rentneighborhoodof any particle.Eachparticlein thesim-
ulation will exert elasticforceson the particlesthat are its
neighbors.This setof neighborsis determinedby the SPH
weight function,which is nonzeroonly within a certainra-
diusaroundeachpoint.
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(a) (b)

Figure 1: Closestlattice pointsto a particle. (a) 2D lattice.
(b) 3D lattice. Shownare thecenterparticle (green)aswell
asthelatticepositionsof its immediateneighbors (red).

3.2. Finding the RestState

Onesimulationstepcanbesummarizedasfollows: We �rst
assignlatticepointsto particlesin theneighborhood.Then,
a linear tranformationA is computedsuchthat the trans-
formed grid bestmatchesthe particle locations.Applying
only therigid partof A to thegrid yieldsa reststatefor the
neighboringparticles.

Weusethegrid transformationfrom lasttimestep,A(t� 1) ,
to assignlatticepointsto particles.For eachparticlep j in the
neighborhoodof pi , we assignthe lattice point l i j which is
closestto r i j = (p j � pi ) in theuntransformedlattice.

l i j = argmin
l2 L








 l �

�
A(t� 1)

i

� � 1
r i j










2

(2)

Dueto thestructureof thegrid, thisminimizationcanbeeas-
ily solvedby enumeratingthenearestpointsin L. Notethatit
is possiblethatseveralneighboringparticlesareassignedto
thesamelatticepoint.In suchacase,weonly assignthepar-
ticle that is closestto thelatticepoint.Theforcesgenerated
by thisneighborhoodwill notbeappliedto thefreeparticle.

After all pointsareassigned,wecomputethetransforma-
tion A suchthatthetransformedgrid bestmatchestheactual
particlepositionsin a leastsquaressense.

A i = argmin
A2 R3� 3

å
j

wi(p j )kA� 1r i j � l i jk
2 (3)

Here,wi j determinesthe in�uence of p j on the matching.
Theweightsshouldbeasmoothfunctionwith localsupport.
WeusetheSPHkernelfunctionsasweightfunctions:wi j =
k(kpi � p jk).

As pointedout in [MHTG05], the solution to this mini-
mizationis

A i =

 

å
j

wi j r i j l
T
i j

!  

å
j

wi j l i j l
T
i j

! � 1

(4)

In orderto obtaintherigid partof thetransformation,we
computeapolardecompositionof A i = RiSi . Therotational

part Ri representsthe rigid motion of the lattice. The rest
stategi j of aparticlep j with respectto pi is then

gi j = pi + Ri l i j : (5)

3.3. Computing Strain

Having computedrest statesfor all neighboringparticles,
we can compute an estimatefor the strain tensor at a
particle pi . The linear strain tensor is de�ned as e =
1
2

�
r uT + (r uT )T

�
, whereu is thedisplacementof thema-

terial. We will discretizethe partial derivatives of the dis-
placementusingone-sideddifferences.For they component
of thegradientof ux atpi , aparticlep j contributes

�
dux

dy

�

i j
=

(r i j � gi j ) � x̂
gi j � ŷ

; (6)

the otherderivativesarecomputedaccordingly. Sincesev-
eral particlesin�uence the strainstateof pi , we weight the
contributionsof theparticles:

�
dux

dy

�

i
=

å j wi jgi j � ŷ
�

dux
dy

�

i j

å j wi jgi j � ŷ
=

å j wi j (r i j � gi j ) � x̂

å j wi jgi j � ŷ
(7)

Thus,thestraincanbecomputedfrom theknowledgeof
reststateandcurrentparticlepositions.Notethatin aregular
setting,(7) yields centraldifferences.Using the sameidea,
nonlinearstrain can be approximated.The strain can then
be usedto apply any standardelasticitymodel.In the next
section,wedescribeasimpli�ed modelthatdirectlyusesthe
implicit reststate.

3.4. Elastic RestoringForces

For eachparticlepi , wecomputeelasticforcesfor all neigh-
borsp j thatpull p j closerto its reststatepositiongi j .

Fi j = w(l i j )k(gi j � r i j ) (8)

Here,k is astiffnessconstantandw(l i j ) asmoothlydecaying
weightfunction,representingthediminishingin�uenceof pi
on points that arenot direct neighbors.In order to enforce
preservationof linearmomentum,we apply 1

2Fi j to p j and
� 1

2Fi j to pi .

This introducesa torquet i = 1
2 å j (p j � ci) � Fi j � (pi �

ci) � Fi j , measuredaroundthe centerof massci of pi and
its neighborsp j . As this torquewould violate thepreserva-
tion of angularmomentum,we redistributeit ontothep j by
addinga torquecorrectionforceto p j .

Ft
i j =

wi j

å j wi jkp j � cik
t i �

p j � ci

kp j � cik
(9)

Again, theweightingensuresthatthein�uence of a particle
smoothlydecaysto zero.
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i i

(a) (b)

Figure 2: Assigninglattice pointsand shapematching. (a)
Neighboringparticles (red) are assignedto lattice points
(blue) usingthe local grid transformationAt� 1

i . (b) Shape
matching: A i is computedsuch that the grid points(black)
bestmatch theparticlepositions.

3.5. Damping

For systemswith high stiffnesses,damping is essential.
While implicit integrationmethodsincludenumericaldamp-
ing by construction,explicit integrationrequiresanexplicit
dampingmodeleven if an undampedsystemis to be sim-
ulated.Particle �uid simulationsaredampedusingviscos-
ity, which is notsuf�cient whenelasticforcesaresimulated.
While dampingshouldremove high-frequency oscillations
from thesystem,it shouldnot affect rigid bodymotion.We
thereforeapply dampingonly to thosecomponentsof the
particlevelocitiesthatdonotcorrespondto locally rigid mo-
tions.

Consideraparticlepi andits neighboringparticlesp j . We
�rst computetheaveragevelocity vi at thecenterof massci
andtheangularvelocity wi aroundci . UsingtheSPHinter-
polationframework, we �nd

vi = å
j

w(kci � p jk)
mj

r j
v j (10)

wi = å
j

w(kci � p jk)(v j � vi) � (p j � ci ) (11)

Here,w(�) denotestheSPHweightfunctionusedin the�uid
simulation,andr j is thedensityat thepositonp j . Theden-
sity is computedduringthe�uid simulation.

We cannow split thevelocity of eachof theparticlesp j
into a rigid andanonrigidpart.

v j = vn
i j + vr

i j = vn
i j + vi + wi � (p j � ci) (12)

wherevr
i j is the locally rigid part of v j andvn

i j denotesthe
particle's individual nonrigid movement,eachwith respect
to theaverageangularandlinearvelocitiesof theneighbor-
hoodi.

For any particlep j , weonly wantto dampthelocally non-
rigid modementsvn

i j for all referencesystemsi thatp j is in-
�uenced by. We thususethe SPHaverageof the nonrigid
velocitiesin eachof theneighborhoodsandobtaina damp-

ing force

Fd
j = � hvn

j = � hå
i

wi j
mi

r i
vn

i j ; (13)

whereh is adampingconstant.In asimulationwith timestep
Dt, h shouldnotexceedmi

Dt , wheremi is themassof particlei.
If h is greaterthantheabovevalue,notonly arethenonrigid
velocitiescompletelydampedout, new nonrigidmovement
is introducedin thesubsequentintegrationstep.

4. Inherent Material Properties

Thevirtualmaterialasdescribedaboveexhibitsawiderange
of materialproperties,dependingon theparametersettings.
However, somepropertiesareinherentto theapproachcho-
sen,andshallbediscussedhere.

4.1. Plasticity

Sinceno reststateinformationis stored,thereststateof the
materialhasto be inferredfrom thecurrentstate.All infor-
mationon thereststateis thuscontainedin thepositionsof
thecurrentneighborsof aparticle.Sincetheparticledoesnot
storewhich particleswereits initial neighbors,the method
hasno way of knowing if theparticlesin theneighborhood
have changed.In thatcase,thereareno restoringforcesfor
the original particles.Instead,they areintegratedinto their
new neighborhoods.SeeFigure3 for anillustration.
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i

(a) (b)

Figure 3: Inherentplasticity: Sincewedo not store connec-
tivity, particle i has no way of distinguishingbetweenthe
situationsshownabove. Its neighborhoodis limited to the
blueregion.Therewill benorestoringforcesfor particles1,
2 and3, thedeformationis plastic.

This also means that our virtual material cannot be
stretchedarbitrarily. Considera pair of neighboringparti-
cles pi and p j . A permanentplasticdeformationoccursif
p j is displacedfar enoughsuchthat different lattice point
in is closestto its currentposition,or evenleavestheneigh-
borhoodof pi altogether. Sinceour materialhasno memory
anddoesnot know the“true” reststateof p j , thesechanges
arenot counteractedby restoringforces.However, sincethe
particlesareassignedto latticepointsusingthe local defor-
mationfrom the last timestep,this situationcanonly occur
if p j changesits positionradicallywithin onetimestep,or if
it leavesthe neighborhoodof pi dueto large deformations.
Figure4 (b) showsplasticdeformationin a2D simulation.
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(a) (b) (c)

Figure 4: Particles in 2D simulationsof different material
properties.(a) An elasticcubebouncesoff thegroudplane.
(b) Reststateof a plasticcubeafter falling. (c) Fracture. The
cubeis �xed to the Wall and fracturesunder the in�uence
of gravity. Darker particleshavea docking rate l d = 0 for
someof their lattice points.They form the boundaryof the
solid.

4.2. Fractur e

For a �uid, topologicalchangesaretemporary. As soonas
differentpartsof the �uid rejoin, they behave asone.The
situationis differentfor solids.Fracturepermanentlybreaks
thematerial,evenif thedifferentpartsof thesolidcomeinto
contact,they will not reunify.

In our basicmodel,however, assoonasa particleenters
a neighborhoodof anotherparticle,it will beintegratedinto
the lattice.Thus,cracksonceformedwill closeagain when
theedgescomeinto contact.

To avoid this behaviour, eachparticlestoreswhich of its
latticepointsareallowed to beoccupiedby otherparticles.
We usea probabilisticmodelto accountfor fault andweak-
nessesin the material.In order to be able to model prob-
abilistic propertiesindependentof the simulationtimestep,
we storea docking rate l d for eachlattice point. If a par-
ticle is available in one timestep,the probability that it is
assignedto the lattice point is given by a Poissonprocess:
Pd = 1� e� l dDt . If a lattice point is not assignedto a par-
ticle duringa timestep,thedockingrateof this latticepoint
is reducedby Dl d. If it is assigned,the dockingrate is in-
creasedby Dl d. A stresscriterion can be appliedto addi-
tionally modify l d or Pd. Figure4 (c) shows fracturingin a
2D simulation.

4.3. Multiple Objects

We caneasilyextendthe algorithmto handlemultiple dis-
tinct objects.Each particle carriesan object ID, and the
shapematchingas well as the force computationare con-
�ned to particleswith thesameobjectID.

If we restrict forcesacting betweendifferent objectsto
repulsive forcesinsteadof disallowing themaltogether, the
resultis a simplepenalty-basedcollision detectionscheme.
If pi andp j areparticlesfrom differentobjects,we applya
modi�ed interactionforceF0

i j

F0
i j =

(
p j � pi

kp j � pik
� Fi j

p j � pi

kp j � pik
(p j � pi) � Fi j > 0

0 otherwise
(14)

Figure 5: Several colliding stiff elasticobjects.Inter-object
collisionsare handledasdescribedin Section4.3, no addi-
tional collisionhandlingis necessary.

Of course,moreelaboratecollisionhandlingschemescan
be implementedfor objectswithin our framework, but the
implicit collision handlingprovidedcomesat no additional
costandhasprovensuf�cient in mostsituations.All scenes
shown in this paperwere computedusing only the inher-
ent collision handlingto resolve inter-objectcollisionsand
solid-�uid interaction.

5. PhaseTransitions

Oneof thegreatestadvantagesof our simulationmethodis
the simple integrationof phasetransitions.Sinceboth �u-
ids andelasticsolidscanbehandledwithin our framework,
phasetransitionscanbeimplementedwithoutswitchingrep-
resentations.Sinceno reststatesarestored,no arti�cial rest
stateinformationhasto be generatedin the caseof freez-
ing. Remeshing,mesherosionandother implementational
hurdlesareavoidedentirely.

Note that we do not aim at a correctsimulationof the
physicalprocessof phasetransitions.Ourgoalis toprovidea
simplemeansto changethebehaviour of amaterialbetween
liquid to solid.

The only differencebetweensolids and �uids in our
framework is the fact that particlesin a solid are subject
to elasticrestoringforceswhile particlesin the �uid phase
arenot. Thus,melting canbe achieved simply by reducing
theelasticforcesaswell astheassociateddampinguntil in
thecompletely�uid phase,theparticleis not in�uenced by
lattice-inducedforcesany more.

An arbitrary criterion can be usedto determinewhen a
phasetransitionshouldoccur. Useful criteria arebasedon
positionin space,thesimulationtime,or physicalproperties
like temperature.Heatconductionandothertransportphe-
nomenacanbe simulatedusing the alreadyavailableSPH
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framework [Mon05]. We usea probabilisticapproachsimi-
lar to theonedescribedin Section4.2. In ourframework, the
meltingrateis computedfrom temperaturealone:

l m = max(0; l 0
m(T � Tm)) ; (15)

whereT is thetemperatureof aparticleandTm is themelting
pointof thematerial.

Theinverseprocessof freezingworkssimilarly. However,
it is advisableto further restrict when the phasetransition
may occur. If a �uid particle is close to a solid, it hasa
probabilityto freezeandthusintegrateinto thelatticeof the
solid. This probability is dependenton the relative velocity
of the particle to its solid neighbors(if any), and the dis-
tanceof the �uid particleto thenext availablelatticepoint,
aswell asotherenvironmentalfactorsasdescribedfor melt-
ing. This statisticalapproachmimicks the freezingprocess
without the overheadof a full-blown physical simulation
[KL03, KHL04].

To computethefreezingratefor a particlepi with neigh-
borsp j , we usea criterionbasedon temperatureT, number
of solid neighborsn, their averagevelocity v, andtheaccu-
mulatedlatticeforces.

l f = max(0; l 0
f (Tf � T)(n� n0)�
min(1; vmax

kvi � vk ) min(1; Fmax
k å j Fi j k

)) (16)

Tf is the freezingtemperatureof the �uid, which we usu-
ally set to zero.n0 denotesthe minimum numberof solid
neighbors.If thisparameteris settozero,particlescanfreeze
spontaneously, giventhattheotherparametersallow it. Oth-
erwise,particlescan only freezeto alreadysolid material.
Thelasttermdiminishesthefreezingrateof a particleif the
accumulatedlattice forcesexceeda given maximum.This
is a simplemeasureof how goodthecurrentpositionof the
particle�ts into thelatticeof aneighboringsolid.Also, if the
averagevelocityof thesurroundingsolidparticlesdifferstoo
muchfrom theparticles'velocity, it is unlikely to freeze.

6. SurfaceRepresentation

If the simulatedmaterialis liquid or solid, a surfaceneeds
to be extractedfrom the simulationdata.An easyway to
do sois usingmarchingcubes[LK87] to extractanimplicit
surfacefrom apotential�eld thatis thesuperpositionof po-
tential �elds attachedto eachof theparticles.Theblobbies
[Bli82] approachor variantsthereof[ZB05] yield goodsur-
facesprovidedthatthesamplingdensityis highenough.

As the namesuggests,the implicit functionsde�ned as
aboveareblobby. Althoughthis is notaproblemif thesam-
pling with particlesis denseenough,sharpfeaturescreated
by fracturecannotbereproducedfaithfully in low-resolution
simulations.In thesesituations,explicit surfacerepresenta-
tions,suchassampledsurfaces[KAG� 05], or semi-implicit
approachessuchasparticlelevel sets[EFFM02] could lead
to crispersurfacesretainingsharpfeatures.As all necessary

informationis storedwith theparticles,it is notaproblemto
usethesesurfacereconstructionmethodstogetherwith our
simulationmodel.

For solidobjectsthatareknown notto fractureor undergo
plasticdeformation,wecanuseasimpleskinningtechnique
to deformthesurface.Similar to [WSG05], eachparticlepi
storesthealocalpositionof nearbysurfacepointsv j ormesh
verticesin its local coordinatesystem.During initialization
the local coordinatesof v j with respectto pi arecomputed
as

v i
j = v0

j � p0
i : (17)

When the object deforms,the currentgrid transformation
matrix A i of the particle is appliedto the storedlocal ver-
tex positions.This yields deformedlocal surfacepointsv j

i .

v0i
j = Aiv

i
j (18)

Thedeformedpositionof thesurfacepointis aweightedsum
of thedifferentlocal surfacepoints.In our implementation,
weusetheSPHweightfunction.

v0
j = å

i
w(pi � v j )

�
v0i

j + pi

�
(19)

This methodyieldsa smoothsurfacefor deformingobjects.
Foldoversandself-intersectionsthat plaqueskeleton-based
skinningapproachesarenot a problemin this settingunless
theparticlesamplingis extremelycoarse.

7. Results

The examplesin this paperwerecomputedon a P4 3GHz,
and renderedusing POV-Ray. Simulation times given ex-
cluderendering.

Figure5 showsninestiff-elasticdice.Eachdie is sampled
with 246particles.Thesimulationtime is approximately19
secondsper frame.The dice are renderedusinga textured
surfacemeshwhich is movedalongwith theparticlesusing
theskinningmethoddescribedin Section6.

In Figure6, a viscous�uid freezesto a cooledrod.Fluid,
ice and rod are modeledusing the presentedmethod.The
surface of the cylinder is attachedto its particles using
skinning,the surfacesfor �uid andice arecomputedusing
marchingcubes.The cylinder is sampledwith 1606 parti-
cles,�uid and ice useup to 6000particles.Averagesimu-
lation time in this exampleis approximately18 secondsper
frame.

Figure7 shows anelasticbunny beingdroppedandmelt-
ing on theground.Themodelis sampledusing9871parti-
cles.The surfacewasreconstructedusingmarchingcubes.
Averagesimulation time is around17 secondsper frame.
Heattransferis simulatedasadiffusionprocess.
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Figure 6: Alien goofreezingon a cooledrod.Therod aswell astheviscous�uid are modeledusingour method.Thefreezing
criterion fromEquation16 is usedto trigger phasetransitionsof individual particles.Thetemperature of therod is �xed, heat
transportis modeledasa diffusionprocess.

8. Discussionand Futur eWork

We have presenteda methodfor computingelastic strain
withoutstoringreststatesor connectivity. Thereststatethat
is neededto computeastraintensorcanbeinferredfrom the
currentstateof the simulation.This methodoffers several
advantages:Sinceonly one representationis usedfor �u-
ids aswell assolids,no transferof materialbetweendiffer-
entrepresentationsis needed.Freezingcanbeimplemented
withoutmakingupareststatefor thenewly frozenmaterial.

Thus,abroadrangeof materialpropertiesfrom stiff elas-
tic solids to �uids can be modeled.All of thesematerials
exhibit thematerialpropertiesdescribedin Section4. In par-
ticular, this meansthatmaterialssimulatedusingour model
deformplasticallyunderlargeor abruptdeformationsasde-
scribedin Section4.1, and fractureif stretchedtoo much.
Thefractureprocessdoesnotposeany problemfor thesim-
ulation model,however, the surfacereconstructioninvolv-
ing fractureis challenging.Sinceno explicit fractureevents
are generatedby the model and no connectivity informa-
tion is available,establishedtechniquessuchas[MBF04] or
[PKA� 05] cannotbeeasilyadapted.Onefuture reseachdi-
rectionwill beto generatesucheventsex post,andapplythat
knowledgeto a surfacereconstructiontechniquethatgrace-
fully handlesfracturein theunderlyingmaterial.

Sincethe inherentmaterialpropertiesdescribedin Sec-
tion 4 arepresentin all materialssimulatedusing the pro-
posedapproach,our methodis limitated in that it cannot
handlematerialsthat do not exhibit theseproperties,most
prominentlyextremelydeformableyetnon-plasticmaterials
(e.g.chewing gum,certaintypesof rubber).

The assumedregular samplingdoesintroducediscreti-
sation artifacts when samplingboundaries.Since a high-
resolutionmeshis usedfor rendering,this is not noticeable
visually. However, for tactilefeedbackor otherapplications
thatneedhigh-resolutioncollision detection,this limitation
canposeproblems.A possiblesolutionis to developa mul-
tiresolutionversionof thepresentedalgorithms.This would
alsogreatlyhelp for a morerealisticsimulationof low vis-
cosity�uids.

Stiff materialsimposeincreasinglyseverelimitations on
timesteps,andsimulatinglarge sceneswith quasi-rigidob-

jectscanbecomeunfeasible.Although we found that very
stiff materialssuchasseenin Figure5 canbesimulatedus-
ing explicit integration,we planto researchthepossibilities
of implicit integration for this method.This would greatly
alleviatetimesteprestictions.
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